Two-Port Network Parameters
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A port is a pair of terminals, such that the current entering one of those terminals leaves through the other,
thus making the net current entering/leaving that port equal to zero (much like KCL). Most of the circuits
of concern to us will have two ports as shown in the figure above, where an “input” signal is typically
applied to the two terminals at one port and an “output™ signal is then received from terminals at the other
port. The parameters of the two-port network completely describe its behavior in terms of the voltage and

current at the two ports; hence, knowing those parameters permits one to describe its operation when it
is connected into a larger network.

Given that there are four variables associated with the two ports -- two voltages and two currents --
any two can be taken as independent, with the remaining two considered dependent and described in
terms of them. Considering all potential choices, there are then six possible combinations of two
independent and two dependent variables for any two-port network. Each combination can be
represented by a 2x2 matrix equation as will be described shortly.

Possible Variable Assignments

Independent | Dependent Parameter Names/Type

i, I, v, VY, Open-Circuit Impedance

v, V, Iy, 1, Short-Circuit Admittance

v,, 1, vy, | Transmission

v, v, 1, Inverse Transmission

i, V, v, i, Hybrid

v, i, i, V, Inverse Hybrid

Two-port networks are used to model electronic components, devices and systems such as transistors,
OpAmps, transmission lines, filters, transformers and amplifiers. In fact, any linear circuit with four
accessible terminals can be regarded as a two-port network provided it contains no independent
sources and satisfies the port current condition mentioned above.
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1. Open-Circuit Impedance Parameters (also called “z” parameters) are defined by:

V, = 2.0, + Z,i . . V z yA i
LT T2 orin matrix form, [ 1}:[ 1 12}{1}
V2 = Zlel + ZZZIZ V2 221 222 |2

The open-circuit impedance parameters may be evaluated as follows:

V. V. Vv v
_ 1 _ 1 _ 2 _ 2
le_i_ Z, _I_ Iy ==" Ip =3
1 li,=0 2 li,=0 1 li,=0 2 li=0
and the equivalent circuit is:
. zZ Z, .
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Open-circuit impedance parameters are useful for combining two two-port networks that are
connected together in a Series-Series configuration. The impedance parameters
conveniently add together, as shown below:
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o > > < < o
+ + Z Z + +
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v Z = \%
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\4 \4
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Vi =V, +Vy
b=k, =
Vo = Vo, +Vy,

Page 2 of 18



EE 3340 Two-Port Network Parameters

v, v, +V V. v, i i i
Therefore, { l} :{ o } :[ 1“}{ “’} = Z{_l""}Zb {“’} = Z{l} ,Where Z=Z,+2Z,
VZ V2a +V2b V2a V2b IZa I2b I2
H )
_C:—P— < 2
7. +z Z. +12

vl Z — Za + Zb — |: 1la 11b 12a 12b j| vz

— ZZla + ZZlb ZZZa + ZZZb —

o O
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2. Short-Circuit Admittance Parameters (also called “y” parameters) are defined by:

i =V,V, +VY,V i Y
'1 YiuVi 1 Y1,V or. in matrix form. {1} =|:y11 )ﬁz}{ 1}
L =YaVi Y%V, I Yoo Yl Vo

The short-circuit admittance parameters may be evaluated as follows:

i1 Il i2 i2
Y11:V_ y12:V_ yZl:V_ Yoo :V_
1ly,=0 21y =0 1ly,=0 21ly=0
and the equivalent circuit is:
h )
o—> <«—o0
+ -
1 OIS 1
% — ViV ¢ ¢ YoV — v
1 12"2 2171 2
yll y22
o o

Short-circuit admittance parameters are useful for combining two two-port networks that are
connected together in a Parallel-Parallel configuration. The admittance parameters
conveniently add together, as shown below:

ll lla lZa 12
O | \ 4 > < 2 < o]
+ + + +
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iz = i2a +1ly
i .+ i i V. V. V.
Therefore, {1} = [,“ » } = {“}{_”’} = Ya[ 1a}+ Y{ ”’} = Y[ 1} ,Where Y=Y, +Y,.
IZ I2a + |2b I2a I2b V2a V2b V2
4 i
o—p— <«—o0
- Via Vi Vioa + Y -
vl Y — Ya + Yb — |: 1la 11b 12a 12b :| vz
—_ y21a + y21b y22a + y22b —_
Ot o)
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3. Transmission Parameters (also called “a” parameters or “ABCD” parameters) are defined by:

vV, =a,.Vv, —a,l ) . V v
! AV a“_z or, in matrix form, {1} :{aﬂ aﬂ}{ 2 }
I1 = a21V2 - azz'z '1 a21 azz _|2

The transmission parameters may be evaluated as follows:

Vi Vi
a,=— A, =—7

V2 i,=0 I2

Ay =—

v,=0 V2 i,=0 2

An alternate notation is sometimes seen in older documents:

v, = Av, - Bi v A Bllv
L0 "2 or, inmatrix form, | ' |= 2
I, =Cv, - Di, i, C D i,

Transmission parameters are useful for combining two two-port networks that are connected
together in a Cascade configuration. The transmission parameters conveniently multiply
together, from left to right (in order), as shown below:

i i

l 1 lla lZa 16 2bh 12
o —p— ——p— —<4——<¢0
+ + + + + +
aila a12a allb a12b

\4 \4 A = \4 \4 A = \4 \

1 la a 2a 1b b 2b 2
_ _ s Ay _ _ Ay Ay _ _
o— ——————0

N
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Combining all of these, we have

V| Vol A Vo B
. _AaAbi =A|." |, where A=A, .

Il 2 I2

h g
i—b— —4—_?_
y A_A A {amam T el +a12aazzﬂ ,

1 — M T 2
— a21aa'.l.1b + a'22aa21b a‘21z=1ail.2b + a22aa22b —
o——— ——o0
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4.

Inverse Transmission Parameters (also called “b” parameters) are defined by:

v, =b.v. —b.i Y Y
2 ehY blz_l or, in matrix form, [2} :[b” b“}{ ! }
I2 = b21V1 - b22|1 '2 b21 bzz _|1

The inverse transmission parameters may be evaluated as follows:

\ i i
b, =% b, =—== b, ==+ b, =->*

v =0 Vi i,=0 L

1 =0 1

An alternate notation is sometimes seen in older documents:

v, = A'v, - Bl ) ) v, A Bl v
] ) or, in matrix form, = .
I,=C'v, - D" i C'" D'||,

Inverse transmission parameters are useful for combining two two-port networks that are
connected together in a Cascade configuration. The inverse transmission parameters
conveniently multiply together, from right to left (in reverse order), as shown below:

L Y, ba b W b
o>—p— ———>— —<4—<0
+ + + + + +
v ") B = blla l012a v v B = bllb b12b v v

1 la a b b 2(1 lb b — b b 21) 2
— _ 21a 22a _ _ 21b 22b _ —
o— ————9o

]
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Combining all of these, we have

Va Vi

o]

L |

I,

1

:B[_V

L

Two-Port Network Parameters

]Where B=B,B,. (Important: Note the reverse order.)

B:BbBa:{

bllbblla + b12bb21a
bZlbblla + b22bb21a

bllbela + b_LbeZZa
bZlbblZa + b22bb22a

|
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5. Hybrid Parameters (also called “h” parameters)

Vv, =h.i, +h.v V. i
i h“_l Moo or, in matrix form, {1} = [h“ h“}{ 1}
|2 = h21|1 + h22v2 IZ h21 h22 V2

The hybrid parameters may be evaluated as follows:

vl Vl i2 i2
h11:-_ h12:V_ th_i_ hzz_v_
1 lv,=0 2li=0 1lv,=0 21i=0
and the equivalent circuit is:
. h .
i 11 i
o——\NN— <+
+ +
1
+ .
Vi hiyv,) <_ <¢> oty h 1)
22
[ 0

Hybrid parameters are useful for combining two two-port networks that are connected
together in a Series-Parallel configuration. The hybrid parameters conveniently add
together, as shown below:

ll lla lZa 12
o > n > < n 4 < _?_
+ hlla hlZa
vla Ha = v2a v2
_ h21a h22a _ —
—=e o
\4
1 . .
Lip L
g pn
) L [Me ha ;
15 b — h h 2b
- _ 21b 22b _
(o,
Vi =V, +Vy
b=, =k
Vy =V, =V
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|2 i2a+l2b

V. v, +V v V. i i i
Therefore, {1} :[,1"" _”)} :{la}{ _”)} = H{ = } H{ 1 } = H{ ! } , where

I2 I2a +|2b |2a Ib V2a V2b VZ
H=H,+H,.

i1 iz

+ +

vl H:Ha+Hb:|:hlla+hllb hlZa+hle:| v2

— h21a + h21b h22a + h22b —

o—] —————o
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6. Inverse Hybrid Parameters (also called “g” parameters)

i, =0V, + 0l i vV
L = 0uVi t 0, 2 or. in matrix form., { 1 } _ |:911 912“:'1}
Vo =05V + 0l Vv, 0 9L

The inverse hybrid parameters may be evaluated as follows:

i1 I1 V2 v2
911:\/_ g12:i_ ng_V_ gzz_i_
Lli,=0 2ly=0 1li,=0 2 ly=0
and the equivalent circuit is:
h )
o—> —\V\V\——o
+ g +
1 , A
i, 812k ¢ -/ 8n"s V2
Ou
O

Inverse hybrid parameters are useful for combining two two-port networks that are connected
together in a Parallel-Series configuration. The inverse hybrid parameters conveniently add

together, as shown below:

L Ha La 2
_<|=_ > L 4 n > < " < o
+
vl vl G _ |:glla nga j| v
a a 2a
— _ g21a gZZa _
o ¢ }
v
’ 2
b L
+ > < +
|:gllb gl2b :|
\ % G = v
16 b 2b
_ Qs 9o _ -
o
Vi =V, =V
b=k, th
Vo = Vo, tVy
=1y =1y
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i I, +1 [ [ V. V. V.
Therefore, { 1}={ o }:[ 1 }{ “’}:Ga[_“}+6{_“’}:6[_l]Where
V2 VZa + VZb V23 V2b I2a I2b IZ

G=G,+G,.
L I

O—Pp— < o]

- Oua + O Oipa+0 N

— gzla + gzlb gzZa + g22b —

o— o
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It is frequently necessary to convert a set of two-port parameters from one form to another, as the
description given may not lend itself to convenient analysis of the network into which the two-port
is to be inserted. A little algebra (not shown here) yields the transformation equations between all
six of the different possible descriptions as tabulated below.

Two-Port Parameters Conversion Table

z y a b h
Yo Yo | & A, | b 1 A R, |1 O
7, I A, A, Ay b, by h, hy 91 Gu
Iy Znp | _Ya Yu | L1 8% | A By ) hy 1] gy A
Ay Ay aZl aZl b21 b21 h22 h22 gll gll
Zn  _Zp B A by 101 h, | A g,
A z AZ yll y12 a12 a12 blz b12 hll hll g 22 g 22
_in M Yo Yo | _ 1 @y | A by | Py A ] gy 1
. A a, &, b, by, h, My 92 U
Zy A | Y 1 by b, | A _hy) 1 Ga
Z Iy Ya  Ya a; a, Ay A hy  hy | 9a On
Loz | A Yu| @ 8 | by by h, 19y A
221 221 y21 y21 Ab Ab h21 h21 ng ng
Zp A [ _Yu 1| %% & 1o A 9
Z, Iy Yio Yio A, A, b, by, h, hy, 0, (O PP
1oz | A Y| 8 Ay by, by, hy Ay O _ 1
Z, I Yo Yo | A A h, hy 9o O
Aoz |1 Y A A, | b 1 9% _9%
ZZZ 222 yll yll a22 22 bll bll hll hlZ Ag Ag
Loy ALY | A by |y Ry ) Gy Gy
22 222 yll yll a22 a'22 bll bll Ag Ag
1o | A Y, |8 A by 1Ry Ry
le le y22 y22 a11 ail b22 b22 Ah Ah gll ng
n A Ya 1|1 oa, A by By 920 Oz
le le y22 y22 all all b22 b22 Ah Ah
Note that A = ))z“ :12 = X, X,, — X, X,, in the above table, where x =z, y,a,b,h,org.
21 22

Page 14 of 18




EE 3340 Two-Port Network Parameters

Example:

Suppose two networks, one whose hybrid parameters are known, and the other whose
admittance parameters are known, are to be connected in a cascade configuration as shown
below. Determine the impedance parameters of the combined circuit. Then sketch an
equivalent circuit for the result.

Lo Y, he p b L
o—-p—p— —g—)— —<4—<¢0
Y1 vla Ha - -1 ]/2 v2a vlb Yb - -1 1 v2b Y,
— _ _ _ _ —

Solution:

Cascaded two-ports are combined easiest in terms of their transmission or inverse transmission
parameters as described above. Let’s try both ways to enhance our confidence in this method
of analysis by, hopefully, determining the same answer both ways.

First, convert each network’s description to equivalent transmission parameters, multiply them
in order, then convert the resulting description to its equivalent impedance parameters.

A M __(1)@)_(1)(_1) O T3
A R B P
LR O R
I (-1) (-1).
_% _i _ ‘% _ﬁ_ 11
ae | Go-coey (333
Y Ve ]| T (1]
31 (gj(lﬁ(l)ej @J(lﬁ(l)[% 2 3
AZAaAb:g 1 % §= @(1)+(1)(%) @(1)41)@ :L 2}
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a a] [@ @-G0

Z — a'21 a'21 — (1) (1 _ |:2 1:|
Loa (1 @ |l
a21 a21 L (1) 1) |

Second, convert each network’s description to equivalent inverse transmission parameters,
multiply them in reverse order, then convert the resulting description to its equivalent

impedance parameters.

1 on, | A &)
B, = E“a har | (i) 1 ’ —F i}
: 22a Aha A ~ | - - =
E;@@“%%M”zz
Y 1 | _@ _L— 3,
B, - Yoo Yiaw | (-1) (-1 |2
I (1) (-1) ]
341 1 (gj(1)+(1)(1] (EJ(1)+(1)£§j
rRr _|2 |\2 2) 2 2)| [2 3
B=B,B, % 1{% g] (%)(QH”(%) Gj(lﬁ(l)(% [1 2}
h,, 11 (@ 1]
by by | (1) @ 21
Z?ﬁg‘w@%mgaﬂz}
b b | © @)

The two results are identical! The equivalent circuit then, in terms of its impedance
parameters, is shown below.
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L O

ol
ol

As a further check, note that two-port a is

1Q
20
(o 0
and two-port b is
1Q
20
O o]
When connected in cascade, we have
1Q 1Q

or i 1Q 1Q i
1 2

NN—e—o

+ +

A 1Q v,

o o
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Evaluating the z-parameters of this circuit, we have

1Q 1Q

vi=2V = 7,=2Q

i1 1Q 1Q i
NN \N—e—o
+ +
v, 10 v, CT)IA V=1V = z,=10
(o, O

v,=1V = 7z, =1Q

i 1Q 1Q i
1 2
AN\ —e—o——
+ -
Y 10 V2 CTDIA v,=2V = z,,=2Q
(o, O

This further verifies the results determined above.
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